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                                             Nutrient-Plankton  
 
 
 
 
 
 
 

The most important feature of an ecosystem is the  
number of species in different tropic levels of a food web. 
  
Living organism gradually grow and actively incorporate 
energy and nutrient into their biomass of their descendants.  
 
These nutrients are obtained by either uptaking from the 
abiotic environment or consumption from the biomass of 
other organism in the food web. 
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Planktonic Bloom 

A planktonic  bloom is defined as a rapid and                 
marked increase in the local population of plankton. 

 

The main factors that cause blooms to occur are 
sunlight, nutrients, and changes in water 
temperature.  
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The Mathematical Model   contd. 
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• Dilution rate is referred to as the water exchange rate or flushing rate when referring to 

open marine system (Ecological effects of wastewater: applied limnology and pollution 
effects By Eugene B. Welch, T. Lindell). 

  
 

•  The rate of nutrient exchange rate is referred to as Dilution rate. When the dilution rate is 
very low, the cells reach a high density as the nutrients are leaving the system at a very slow 
rate and the cells get ample timed to use the substrate. Thus the nutrient concentration is 
maintained at a low level in the system.  

 
 

• On the other hand, if the dilution rate of nutrient is high, the cell density is low as they have 
a little time to use the substrate. 



Mathematical Model 
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 N(t) be the concentration of the nutrient at time t.  
 P(t) the autotroph biomass  
 Z(t) the number of herbivores present at time t.  
 N 0 be the constant input of nutrient concentration. 
 D is the dilution rate of nutrient. Its inverse 1/D represents the average time that nutrient 

and waste products spend in the system.  
 α1 and α2 be the nutrient uptake rate for the autotroph biomass and conversion rate of 

nutrient for the growth of the autotroph biomass respectively (α2 ≤ α1).  
 µ and µ2 denote respectively the mortality rates of the autotroph biomass 

and of the herbivore population.  
 µ3 (µ3 ≤ µ) and µ4 (µ4 ≤ µ2) be the nutrient recycle rates respectively coming from the 

dead autotroph biomass and the dead herbivore population.  
 The maximal zooplankton’s herbivore hunting rate is represented by γ1 while γ2 (γ2 ≤ γ1) 

is its maximal herbivore conversion rate.  



Mathematical Model     contd. 
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 We choose Holling type II and type III functional forms to describe the grazing 
phenomena with K1 and K2 as half saturation constant.  

 We also include harvesting of the top population in this food chain, at rate h.  
 The harvesting is modeled via a Holling type II function with half saturation 

constant E, to mimic the diminishing returns obtained via constant harvesting 
efforts, as it commonly occurs in fisheries  models.  

 In addition, it has been observed that other food sources are occasionally 
available to phytoplankton, other than the basic nutrients N. The additional food 
source is vitamin B12, [7, 15, 16].  

 We include the latter in our description. Thus, let rP be the phytoplankton’s growth 
rate due to this additional vitamin supply.  

 Then the autotroph biomass mortality rate is  µ1 = µ - r ∈ R. With these 
assumptions our deterministic system is  
 



Schematic Diagram  
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Mathematical Model  
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Some basic results 
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Some basic results 
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Some basic results 
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Some basic results 
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Stability analysis 
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Stability analysis of positive interior equilibrium E * 

 

By the Routh–Hurwitz criteria, all roots of above 
equation have negative real parts if and only if 

A1 >0,  A3 >0 and A1A 2 –  A3 >0.     10/31/2017 



Analysis of globally  asymptotically stable at E1  
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Direction of Hopf Bifurcation 
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stochastic model 
 

• A linear stochastic process is formulated as an approximation to a 
nonlinear ecosystem model. The formulation traces a chemical 
nutrient as it undergoes random exchanges between the 
phytoplankton, zooplankton, and the euphotic zone of an aquatic 
ecosystem.  

 

 

• The formulation of a linear process allows the derivation of a 
partial-differential equation for the cumulant-generating function 
of the process. The use of this equation leads to a system of linear, 
deterministic differential equations for the cumulants of the 
process. 
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Stochastic  model 
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Some basic results 

10/31/2017 



Some basic results 
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The table representing thresholds and stability of steady states 
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Table 2 ( Set of parametric values) 
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The equilibrium point E*  (0.7297, 0.6331, 0.1941)is stable with 
−0.5081, -0.0327+i0.3106, -0.0327-i0.3106, for the parametric 
values as given in the Table 2  



The plot is obtained for the reference parameter values given in Table 2, but with D = 0.55. 
 

The plot is obtained for the reference parameter values given in Table 2 with h = 0.2. (Right) 
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The plot is obtained for the reference parameter values given in Table 2 with h = 0.5. (left) 
 
 The plot is obtained for the reference parameter values given in Table 2, but with h = 0.5; in addition we take r = 0, the 
continuous line, and r = 0.14, the dotted line. (right) 
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Bifurcation Analysis 

• It is observed that f1(h) = A1(h)A2(h) and f2(h) = A3 
intersect at h =0.135 and h = 0.368 indicating that the 
system (1) changes its stability when the parameter h 
crosses the thresholds h∗ = 0.135 and 0.368.  

• Moreover, for h > 0.135 we see that f1(h) < f2(h) the 
system (1) unstable at E∗.  

• On the other hand, for h > 0.368 we observe that f1(h) 
> f2(h), satisfying the condition of stability at E∗.  
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   Bifurcation diagrams in terms of h (Left) 
   Bifurcation diagrams in terms of N 0 (Right)   
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Conclusions 

 The system exhibits dynamics instability (plankton bloom) due to high 
nutrient input rate and low value of harvesting rate of herbivores 
population separately. 

 

 In presence of high dilution  rate of nutrient the system exhibits 
recurrence bloom. 

 

 Low value of harvesting rate of herbivores may lead to extinction of 
herbivores population. 
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Conclusions 

The additional food source of autotroph biomass 
maintains stability.  

 

Discussed stochastic stability in presence of 
environmental disturbances and compared with 
deterministic model. 
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